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By constructing the commutative operators chain, we derive the integrable conditions for
solving the eigenfunctions of Dirac equation and Schro¨dinger equation. These commutative
relations correspond to the intrinsic symmetry of the physical system, which are equivalent
to the original partial differential equation can be solved by separation of variables. Detailed
calculation shows that, only a few cases can be completely solved by separation of variables.
In general cases, we have to solve the Dirac equation and Schro¨dinger equation by effective
perturbation or approximation methods, especially in the cases including nonlinear potential
or self interactive potentials.
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I. INTRODUCTION
All fermions have spin-1
2
, which are naturally described by spinors. Many physicists such as
H. Weyl, W. Heisenberg, once proposed using nonlinear spinor equations to establish unified field
theory for elementary particles[1, 2]. Some rigorous solutions for the simplest dark nonlinear spinor
models were obtained and analyzed[3]-[10]. The nonlinear spinor coupling with self-electromagnetic
field was calculated in [11]-[14], but only roughly approximate results were obtained due to the
complexity of the interaction. In contrast, for the linear Schro¨dinger equation, Pauli equation and
Dirac equation coupling with external potential V (r) and ~A(r, θ), there are a lot of rigorous eigen
solutions obtained by separation of variables[15]-[26].
In the resolution of eigenfunctions to the linear Dirac equation, we find that the commutative
relations[15]
[Hˆ, Jˆz] = 0, [Hˆ, Kˆ] = 0, [Kˆ, Jˆz] = 0 (1.1)
play an important role, where the operators (Jˆz, Kˆ, Hˆ) stand for angular momentum, spin-orbit
coupling and total energy operators respectively. They are good quantum numbers guaranteeing
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2the common eigenfunctions exist. Noticing the definition of operators chain
Jˆz = Jz(∂ϕ), Kˆ = K(∂ϕ, ∂θ), Hˆ = H(∂ϕ, ∂θ, ∂r), (1.2)
which enable us to solve the eigen solutions by separation of variables, and then the original problem
reduces to ordinary differential equations.
Denote the Minkowski metric by ηµν = diag[1,−1,−1,−1], Pauli matrices by
~σ = (σj) =



0 1
1 0

 ,

0 −i
i 0

 ,

1 0
0 −1



 . (1.3)
Define 4× 4 Hermitian matrices as follows
αµ =



 I 0
0 I

 ,

 0 ~σ
~σ 0



 , γ =

 I 0
0 −I

 , β =

 0 −iI
iI 0

 . (1.4)
In this paper, we adopt the Hermitian matrices (1.4) instead of Dirac matrices γµ, because this
form is more convenient for calculation.
Our basic problem is to examine a nonlinear spinor field φ moving in 4-vector potential Aµ.
The corresponding Lagrangian is generally given by[12]
L = φ+[αµ(~i∂µ − eAµ)− µcγ]φ+ F (γˇ, βˇ), (1.5)
where µ > 0 is a constant mass, F is the nonlinear coupling potential, which is the polynomial of
γˇ and βˇ defined by
γˇ = φ+γφ, βˇ = φ+βφ. (1.6)
It is well known that γˇ is a true-scalar and βˇ a pseudo-scalar. The variation of (1.5) with respect
to φ+ gives the dynamic equation
~i∂0φ = Hˆφ, Hˆ ≡ ~α · (−~i∇− e ~A) + eA0 + (µc− Fγ)γ − Fββ, (1.7)
where Fγ =
∂F
∂γˇ
, Fβ =
∂F
∂βˇ
.
Let coordinate x3 = z along the direction of magnetic field ~B, then we locally have[8, 9, 12]
~A = A(r, θ)(− sinϕ, cosϕ, 0), (1.8)
which satisfies the Coulomb gauge ∇ · ~A = 0. In the spherical coordinate system (r, θ, ϕ), we have
~σ · ∇ = σr∂r +
1
r
σθ∂θ +
1
r sin θ
σϕ∂ϕ, (1.9)
where (σr, σθ, σϕ) is given by


 cos θ sin θe−ϕi
sin θeϕi − cos θ

 ,

− sin θ cos θe−ϕi
cos θeϕi sin θ

 ,

 0 −ie−ϕi
ieϕi 0



 . (1.10)
3Let Jˆ be the angular momentum operator for the spinor field
Jˆ = ~r × pˆ+
1
2
~~S, pˆ = −~i∇, ~S = diag(~σ, ~σ). (1.11)
Then the angular momentum Jˆ3 = Jˆz commutates with the nonlinear Hamilton operator (1.7),
and the eigenfunctions of Jˆz = −~i∂ϕ +
1
2
~S3 are equivalent to the following form
φ = (u1, u2e
ϕi,−iv1,−iv2e
ϕi)T exp
(
κϕi−
mc2
~
ti
)
(1.12)
with (κ = 0,±1,±2, · · · ), where uk, vk(k = 1, 2) are real functions of (r, θ) but independent on ϕ
and t, the index T stands for transposed matrix.
II. COMMUTATIVE ALGEBRAS FOR DIRAC EQUATION
In spherical coordinate system, by straightforward calculation, we have the following explicit
operator relations[15]
∂x = sin θ cosϕ∂r +
1
r
cos θ cosϕ∂θ −
1
r sin θ
sinϕ∂ϕ, (2.1)
∂y = sin θ sinϕ∂r +
1
r
cos θ sinϕ∂θ +
1
r sin θ
cosϕ∂ϕ, (2.2)
∂z = cos θ∂r −
1
r sin θ
∂ϕ, (2.3)
For orbit angular momentum operator Lˆ = ~r × pˆ, we have
Lˆx = ~i (sinϕ∂θ + cot θ cosϕ∂ϕ) , (2.4)
Lˆy = ~i (− cosϕ∂θ + cot θ sinϕ∂ϕ) , (2.5)
Lˆz = −~i∂ϕ, (2.6)
Lˆ2 = −~2(∂2θ + cot θ∂θ +
1
sin θ2
∂2ϕ). (2.7)
For the nonlinear equation (1.7), detailed calculation shows that
[Hˆ, Jˆz ] = 0. (2.8)
(2.8) shows Jˆz is still a good quantum number for the nonlinear Dirac equation. But [Hˆ, Jx] 6=
0, [Hˆ, Jx] 6= 0. Define the spin-orbit coupling operator by
Kˆ ≡ γ(Lˆ · ~S + ~) = ~γ − ~i(Kθ∂θ +Kϕ∂ϕ), (2.9)
where Kθ and Kϕ defined by
Kθ = diag



 0 −ie−ϕi
ieϕi 0

 ,

 0 ie−ϕi
−ieϕi 0



 , (2.10)
Kϕ = diag



 1 − cot θe−ϕi
− cot θeϕi −1

 ,

 −1 cot θe−ϕi
cot θeϕi 1



 , (2.11)
4then for (1.7), we can check
[Hˆ, Kˆ] = KV +KA +Kβ, (2.12)
in which
KV = −~i(e∂θV − ∂θFγγ)γ(sinϕS1 − cosϕS2), (2.13)
KA = −~e
(
Aγ(sinϕα1 − cosϕα2)− (∂θA+ cot θA+ 2A∂θ)β
)
, (2.14)
Kβ = 2~γβFβ + ~(∂θFβ + 2Fβ∂θ)(sinϕα
1 − cosϕα2) +
2~Fβ
(
cot θ(cosϕα1 + sinϕα2)− α3
)
∂ϕ. (2.15)
(2.12)-(2.15) reflect the influence of parameters on the integrability.
III. CONDITIONS FOR SEPARATION OF VARIABLES
For the nonlinear Hamiltonian (1.7), the commutative relation (2.8) shows Jˆz is still a good
quantum number, but (2.12) shows Kˆ is not. In what follows, we look for a new operator Tˆ , such
that the systems (1.7) can be solved by separation of variables. This is equivalent to the existence
of operator Tˆ = T (∂θ, ∂ϕ) or Tˆ
′ = T ′(∂r, ∂ϕ), which satisfies commutative relations
[Jˆz , Tˆ ] = 0, [Hˆ, Tˆ ] = 0. (3.1)
We only consider the following first order operator
Tˆ = T0 − ~i(Tθ∂θ + Tϕ∂ϕ), (3.2)
where (T0, Tθ, Tϕ) are all Hermitian matrices, and their components are smooth functions of
(r, θ, ϕ). For Dirac equation, it is enough to look for the linear operators similar to (3.2). But for
the Schro¨dinger and Pauli equations, we should consider the second order operator similar to Lˆ2
as shown below. Different from pˆ and Jˆ , the operators constructed from the procedure may have
not manifest physical meanings.
According condition [Jˆz, Tˆ ] = 0, we can solve
T0 =


P11 P12 cot θe
−iφ P13 P14 cot θe
−iφ
P21 cot θe
iφ P22 P23 cot θe
iφ P24
P31 P32 cot θe
−iφ P33 P34 cot θe
−iφ
P41 cot θe
iφ P42 P43 cot θe
iφ P44


, (3.3)
5Tθ =


M11 M12e
−iφ M13 M14e
−iφ
M21e
iφ M22 M23e
iφ M24
M31 M32e
−iφ M33 M34e
−iφ
M41e
iφ M42 M43e
iφ M44


, (3.4)
Tϕ =


N11 N12 cot θe
−iφ N13 N14 cot θe
−iφ
N21 cot θe
iφ N22 N23 cot θe
iφ N24
N31 N32 cot θe
−iφ N33 N34 cot θe
−iφ
N41 cot θe
iφ N42 N43 cot θe
iφ N44


, (3.5)
where (Pkl,Mkl, Nkl) are Hermitian matrices, and their components are functions of (r, θ), the
factor ‘cot θ’ is introduced for convenience of the following calculation.
The relation [Hˆ, Tˆ ] can be expressed as
[Hˆ, Tˆ ] = Hθθ∂
2
θ +Hrθ∂rθ + (Hθ +Hθϕ∂ϕ) ∂θ + (Hr +Hrϕ∂ϕ) ∂r
+
(
H0 +Hϕ∂ϕ +Hϕϕ∂
2
ϕ
)
, (3.6)
where the coefficient matrices can be obtained by straightforward calculation. (Hθθ, Hrθ, Hθϕ, Hrϕ,
Hϕϕ) are only functions of (Pkl,Mkl, Nkl), but the others depend on their first order derivatives.
The operator ∂ϕ should be replaced by matrix Dϕ due to solution (1.12),
∂ϕ ↔ Dϕ = i diag(κ, κ+ 1, κ, κ+ 1), (3.7)
∂2ϕ ↔ D
2
ϕ = −diag
(
κ2, (κ+ 1)2, κ2, (κ+ 1)2
)
. (3.8)
Then [Hˆ, Tˆ ] = 0 is equivalent to the following equations
Hθθ = Hrθ = 0, (3.9)
Hθ +HθϕDϕ = 0, (3.10)
Hr +HrϕDϕ = 0, (3.11)
H0 +HϕDϕ +HϕϕD
2
ϕ = 0. (3.12)
The differential equations including in (3.9)-(3.12) are linear, and one component usually satisfies
two independent equations, which lead to constant solutions. So it is easy to resolution.
6By (3.9), we can solve
Tθ =


W1 −iW2e
−iφ W3 W4e
−iφ
iW2e
iφ W1 −W4e
iφ W3
W3 −W4e
−iφ W1 iW2e
−iφ
W4e
iφ W3 −iW2e
iφ W1


, (3.13)
in which Wk = Wk(r, θ, κ), (k = 1, 2, 3, 4). Again by (3.10), we find that W1 = W3 = W4 = 0,
and W2 6= 0 is a constant. Obviously Tˆ can be only determined by a constant factor and constant
translation, so we choose W2 = 1 to fix the solution. Then in equivalent sense we have
Tθ = Kθ. (3.14)
For the other equations in (3.10)-(3.12), detailed calculation shows that the solutions for Pkl
and Nkl are underdetermined. Expressing Pkl by Nkl, we can get the following results by simple
calculation
V = V (r), A = r−1U(θ), ∂θFγ = 0, Fβ = 0, (3.15)
T0 − ~iTϕDϕ = (K0 − ~iKϕDϕ) + eUdiag(σθ,−σθ) + λ0, (3.16)
where λ0 is a constant. If we set Tˆ = Kˆ when U = 0, we get λ0 = 0. Substituting Dϕ → ∂ϕ into
(3.16), in equivalent sense, we finally get
T0 = K0 + eUdiag(σθ,−σθ), Tθ = Kθ, Tϕ = Kϕ. (3.17)
In the spherical coordinate system, the above procedure is invertible, so equations (3.15) actually
form the sufficient and necessary conditions of the separation of variables to Dirac equation with
axisymmetry. Noticing the relation (3.17), conditions (3.15) can also be verified by the commutative
relations (2.12)-(2.15).
{V = A = Fβ = ∂θFγ = 0} is the simplest nonlinear case discussed in [3]-[9].
{V = V (r), A = Fβ = 0, Fγ = G(r)} are the cases solved in [15] and [16]-[25].
{V = Ze
r
, A = e
r sin θ
(a− b cos θ), Fβ = Fγ = 0} is the case solved in [26].
For the general case of (3.15), although the separation of variables is valid for the Dirac equation
(1.7), but the solutions to the reduced ordinary differential equations usually can not be expressed
by elementary functions. So some auxiliary numerical computation is still necessary.
For the Schro¨dinger equation
~i∂0φ = Hˆφ, Hˆ ≡ −
~
2
2m
(
∂2r +
2
r
∂r +
1
~2r2
Lˆ2
)
+ V (r, θ), (3.18)
7the calculation is simple. Obviously, for Lˆz = −~i∂ϕ, we have
[Hˆ, ∂ϕ] = 0, ∂ϕ ↔ κi. (3.19)
We look for the following second order operator
Yˆ = Y0 + Yθ∂θ + Lˆ
2. (3.20)
By [Yˆ , ∂ϕ] = 0, we get
∂ϕY0 = ∂ϕYθ = 0. (3.21)
By [Hˆ, Yˆ ] = 0, we find
V = W (r) +
1
r2
U(θ), (3.22)
Y0 = λ0 − 2mU(θ), Yθ = 0, (3.23)
where U(θ) and W (r) are arbitrary functions. (3.22) is the condition to solve the eigenfunctions of
(3.18) by separating variables. Different from the Dirac equation, (3.22) shows V can vary with θ.
IV. DISCUSSION AND CONCLUSION
From the above calculation, we get the following conclusion and remarks:
1. The above procedure has general significance for separation of variables. The separation of
variables is equivalent to the existence of the following Hermitian operators chain
Hˆ1 = H1(∂1), Hˆ2 = H2(∂1, ∂2), · · · , Hˆn = Hn(∂1, ∂2, · · · , ∂n), (4.1)
which form a Abelian Lie algebra
[Hˆj, Hˆk] = 0, (j, k = 1, · · · , n). (4.2)
(4.2) forms the integrable conditions of the equation, and can be obtained via simple cal-
culation. In general, a complete chain similarly to the case of (1.7) may be absent, but the
incomplete chain is still helpful to simplify the dynamic equation.
2. The commutative relations (4.2) are conditional relations, that is, it is enough to hold only
for the eigenfunctions, rather than hold in the whole function space of the solutions. The
solution to the nonlinear spinors is an expample[3]-[9]. So we can use the information of
solutions for solving the operators chain.
3. The above method is related to the concept ‘superintegrability’, which was introduced at
the classical level by Wojciechowski[27] and at the quantum level by Kuznetsov[28]. Super-
integrability also deals with the symmetry and integrability of a Hamiltonian system, and
many elaborate models were solved[27]-[39].
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